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MOTIVIC DECOMPOSITION OF PROJECTIVE PSEUDO-HOMOGENEOUS VARIETIES 


SRIMATHY SRINIVASAN 

Abstract. Let G be a semi-simple algebraic group over a perfect field k. A lot of progress has been 
made recently in computing the Chow motives of projective G-homogenous varieties. When k has positive 
characteristic, a broader class of G-homogeneous varieties appear. These are varieties over which G acts 
transitively with possibly non-reduced isotropy subgroup. In this paper we study these varieties which we 
call projective pseudo-homogeneous varieties for G inner type over k and prove that their motives satisfy 
Rost nilpotence. We also find their motivic decompositions and relate them to the motives of corresponding 
homogeneous varieties. 


1. Introduction 

Let G be a semi-simple algebraie group of inner type over a perfeet field k of eharacteristic p> 3. We 
follow the terminology of SGA3. So by definition G is smooth and eonnected with trivial radical. Let K 
denote an algebraic closure of k. 

Definition 1. A G-variety X over k is called a projective pseudo-homogeneous variety if Xk - Gk/P 
for some parabolic subgroup scheme P in Gk that is not necessarily reduced. 

Such a variety is always smooth since G is smooth (See SGA3, exp VIa, Theorem 3.2). For detailed 
construction of the quotient of an algebraic group by a subgroup see Chapter III, §3 of [HH. Note that by 
Proposition 2.1, §3, Chapter III of [|T^ . the condition Xk - GxjP is equivalent to saying that the action 
map G(Q) x A(Q) x is surjective for every algebraically closed field over K. If P is 

a parabolic subgroup scheme over K, we will make slight abuse of notation and write GjP for Gk/P- 
Let Inn{Go) denote inner automorphisms of the split form Gq of G. Then X is a twisted form of 
Go/P for some parabolic subgroup scheme P in Gq. Since G is inner, X corresponds to the image of 
a cocycle (T e H^{k,Inn{Go)) under the map H^(k,Inn{GQ)) H^{k, AuP{GqIP)) induced by the 
canonical map Inn{Go) AuP{GqIP). Let P denote the underlying reduced scheme of P. Note that 

since k is perfect, P is a group scheme (See §6 in Chapter VI of [f30ll ). 

Definition 2. Let X correspond to the image of the cocycle a € H^{k, Inn{Go)) as above. We define X 
to be the twisted form of Gq/P obtained via the image of the same a under the map H^{k, Inn^Go)) 
H^{k,AuP{GolP)). Then V is a projective homogeneous variety and we say that X is the projective 
homogeneous variety corresponding to X. 

By universal property of quotients, there is a canonical G-equivariant morphism 6 : X X. 

Example. Suppose G = SL 2 ,{k). Let G/P c p2 x be given by the equation = 0 where the 

G action is g.'x = gPlc and g.lfi = {g~^y^~y (Here by abuse of notation gP'^ means taking p”th power 
of entries of the matrix g). Then P = Stah{\l :0:0]x[0:0:l]) = {^^*j^ \xp^ = 0, yP^ = 0, zp'^ = 0}. 

( 5(- X- :(■ \ 

0**1 and the corresponding homogeneous 

variety G/P L x P^ is given by XiLo = 0. This comes with the standard G-action g.~x = glc and 
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9-1^ = {.g~^)~y ■ We have the canonical G-equivariant map 

GlP^GjP 



We want to emphasize that by Theorem 5.2 in ifTTl . the K-varieties GjP and GjP are not in general 
isomorphic. Therefore, X and X need not be twisted forms of each other. 

In this paper we prove that Rost nilpotence theorem holds for projective pseudo-homogeneous vari¬ 
eties. We also compute the Chow motives of these varieties and show that their motives are isomorphic 
to motives of the corresponding projective homogeneous varieties. 

1.1. Notations. Throughout this paper A: is a perfect field of characteristic p > 3 and K denotes the 
algebraic closure of k. denotes the usual multiplicative group. G denotes a semi-simple algebraic 
group of inner type over k and Go denotes the split form of G. The set of vertices of the Dynkin diagram 
of G (or equivalently the set of conjugacy classes of maximal parabolics in Gk) is denoted by A^. For a 
field extension E of k, te £ Ac denotes the subset that contain the classes of those maximal parabolics 
in Gk defined over E. Given a parabolic subgroup scheme P, P denotes the underlying reduced sub¬ 
scheme. If A is a projective pseudo-homogeneous variety then X denotes the corresponding projective 
homogeneous variety. 

A denotes a connected, finite, associative unital commutative ring. An example to keep in mind is a 
finite field of some prime characteristic. Let Chow{k,A) denote the category of Chow motives over k 
with coefficients in A and M{V) denotes the Chow motive of V. Detailed exposition of Ghow{k,A) 
can be found in [|T3l . The Tate motive M{Spec k){i) is denoted by A(i). 


1.2. Statements of Main Results. We say that Krull-Schmidtprinciple holds for an object in an additive 
category if it is isomorphic uniquely to direct sum of indecomposable summands (up to permutation). 
Let A be a /c-variety. Recall from Karpenko’s paper Il2^ that a summand M of Ad (A) is called upper 
if GIP{M) 4^ 0. See Lemma 2.8 in Il24l for more details. If the motive of A satisfies Krull Schmidt 
principle, let Ux denote the unique upper indecomposable summand of Ad (A). If A^ is projective 
homogeneous corresponding to the subset r e Ac (see ^2.11) . we write Ur for the upper indecomposable 
summand of Ad (A.^) • 

Theorem 1.1. (Rost Nilpotence for Projective Pseudo-Homogeneous Varieties) Let X be a projective 
pseudo-homogeneous variety for a semi-simple group G of inner type over k. Then the kernel of the base 
change map 

End{M{X)) ^ End(M(XK)) 
f^f®K 

consists of nilpotents. 

Proof See §|4l □ 

Theorem 1.2. The Krull-Schmidt principle holds for any shift of any summand of the motive of projective 
pseudo-homogeneous variety for G. 

Proof. This follows from Theorem I Ll[ Theorem [23] and Theorem 15.31 □ 

The following theorem gives a characterization of when the motive of a variety is isomorphic to the 
motive a projective homogeneous variety. 
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Theorem 1.3. Let X be projective G-homogeneous variety over k. Let Z be any geometrically split 
projective k-variety satisjying nilpotence principle such that the following holds in Chow{k, A); 

(1) Ux - Uz 

(2) M{Xl) - M{Zl) where L = k(X) 

Then M{X) ^ M{Z). 

Proof. See ^6.11 □ 

As an applieation of the above theorem we derive the following main result. 

Theorem 1.4. Let Gq be a split semi-simple algebraic group over k. Let X and X be the twisted forms 
ofGojP and Gq/P respectively corresponding to the same cocycle in H^{k, Inn^Go)). Then in the 
category of motives Ghow{k, A) 

Mix) ^ Mix) 

In particular, by Theorem \2 .71 every indecomposable summand in MiX) is a shift of some upper motive 
Ur satisfying Tk(x) ^ r. 

Proof See ^6.21 □ 

Let A be a eentral simple algebra of degree n over k. Let X = (i 2 , •••) be the variety of 

right ideals of redueed dimensions 1 < di < d 2 < ■■■ < dm < n. Note that X is projeetive homogeneous 

for G = PGLiA). Write Xk - G/P for some parabolie subgroup P. Let = A®prk and X^A = 
X xpr Spec k where Fr : k k is the Frobenius morphism. Then it is easy to see that XG)j^ - G/P 
where P = GpP and Gp is the kernel of the Frobenius morphism Fr : G GG) . Moreover, X is the 
projeetive homogenous variety eorresponding to XG). 

An easy eonsequenee of Theorem 1 1.41 is the following. 

Corollary 1.5. For a central simple algebra A over k of degree n, let B denote the central simple algebra 
of degree n that is Brauer equivalent to A®p. Then in the category Ghowik,A), the motives of twisted 
flag varieties Xidi,d 2 , ■■■, dm, A) and Xidi,d 2 ,---, dm, B) are isomorphic. That is, 

MiXidi,d2,---,dm,A)) MiXidi,d2,---,dm,B)) 

Taking m = 1, we get MiSBdiA)) MiSB^iB)) for twisted Grassmannians. In particular, for the 
case of Severi-Brauer varieties we have M{SB{A)) 2 ; M{SB{B)). 

Proof. Note that B = AG) by Theorem 3.9 in ll^ (see also Proposition 3.2 in lfT4l l. Therefore, 

M{X{d^,d2,-,dm,B)) ^ M{X{d^,d2,-,dm,AG))) 

^ M{X{di,d 2 ,---,dm,A)G)) (by funetoriality of the Frobenius) 

^ M{X{di,d 2 ,---,dm,A)) (by Theorem[I3D 

The rest follows easily. □ 

Remark 1.6. Let A be a eentral simple algebra over k with exponent (i.e, the order of its Brauer elass 
as an element in the Brauer group) not dividing - 1. Let X = SB(A) be the Severi-Brauer variety 
assoeiated with A and let XG) = SB(A)G) - SB{AG)). Then by Corollary 11.51 M{X) and M{XG)) 
are isomorphie in Ghow{k,X) for all eoeffieient rings A that are finite fields (of any eharaeteristie). 
But they are not isomorphie in the integral Chow motive eategory Ghow{k,X). Indeed, if they were 
isomorphie in Ghow{k,'L), Criterion 7.1 in If22ll would imply that AG) is isomorphie either to A or its 
opposite A°T . Sinee AG) is Brauer equivalent to A®t by Proposition 3.2 in [fT4ll . this eontradiets our 
assumption on the exponent of A. Therefore we get examples of varieties whose motives are isomorphie 
over all finite field eoeffieients but not over integral eoeffieients. 
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1.3. Outline. In ^we briefly recall the facts known about projective homogeneous varieties and their 
motives. In Owe give motivic decompositions of projective pseudo-homogeneous varieties for isotropic 
G and relate them to corresponding homogeneous varieties. In Owe prove that Rost nilpotence holds 
for such varieties. In Owe study their cellular structure and compute their motives when G is split. 
Finally, in O we compute the motivic decompositions of projective pseudo-homogeneous variety and 
relate them to the decompositions of corresponding homogeneous varieties. 


2. Preliminaries 

Projective pseudo-homogneous varieties are extensively studied in the literature when k = K is al¬ 
gebraically closed. We give a brief survey on what is known so far. In lf35l . Wenzel has classified all 
parabolic subgroup schemes P and in ll^ he proved that the varieties GjP are rational. Using this 
classification, de Salas in 1(321 has classified all GjP. These varieties known under different names in 
the literature. For example, in [(321 they are known as parabolic varieties and as variety of unseparated 
flags (VUFs) in IITTI . Lauritzen and Haboush answered many interesting questions about the geometry 
of these varieties including canonical line bundles, vanishing theorems and Frobenius splitting in [|29l . 
Iim and 1(271 . Lauritzen also gave a geometric construction of G/P in ((2^ where he realizes these vari¬ 
eties as the G-orbit of a Borel stable line in projective space. They have rich structure and behave quite 
differently from the analogous generalized flag varieties GjP where P is smooth. For example, in [(271 . 
Lauritzen has shown that under mild assumptions on G, G/P is isomorphic to G/P if and only if G/P 
is Frobenius split. In particular, G/P and G/P are not isomorphic in general. Moreover, in l(T71 one can 
find explicit examples of VUFs which illustrate that unlike generalized flag varieties, vanishing theorem 
for ample line bundles and Kodaira’s vanishing theorem break down. So over algebraically closed fields, 
although these varieties exhibit a lot of strange phenomena, they are well understood and it is straight¬ 
forward to compute their Chow motives (see 

However, when k is not algebraically closed, nothing much is known about them unlike the analogous 
projective homogeneous varieties. Projective homogeneous varieties are quite thoroughly studied in the 
literature (([D, ((T6l, [(13(1 and [(26l l and so are their Chow motives (([6l, ((71, (0, [(231 and ((231). Therefore 
it is natural to study projective pseudo-homogeneous varieties and ask if they exhibit any similarity to 
projective homogeneous varieties. 

2.1. Projective Homogeneous Varieties. In this section we recall some facts known about projective 
homogeneous varieties. A G-variety X is called a projective homogeneous variety if Xk - G/P for 
some parabolic subgroup P (which by definition is smooth). 

The subsets of Xq are in natural one-to-one correspondence with the set of conjugacy classes of 
parabolic subgroups in Gk defined as follows: the conjugacy class corresponding r £ is the one 
containing the intersection of all maximal parabolics in r that contain a given Borel B in Gk- For any 
subset T c Ac, we write X^- ocX^- g for the projective homogeneous variety of parabolic subgroups in G 
of the type r. For instance, X^q is the variety of the Borel subgroups. Any projective G-homogeneous 
variety is isomorphic to Xr for some r. Let us recall some of the results known about the motives of 
projective homogeneous varieties. 

In (O, Brosnan gave a description about the summands of the motive of projective G-homogeneous 
varieties for isotropic G. 

Theorem 2.1. (Corollary 4.1 in (0) Let X be a projective G-homogeneous variety over k. Assume G is 
isotropic and let A : G be an embedding of a k-split torus. Then 

M(X) = UM(Zfl(ai) 





MOTIVIC DECOMPOSITION OF PROJECTIVE PSEUDO-HOMOGENEOUS VARIETIES 


5 


where Zi are connected components ofX^. Moreover, Zi are projective homogeneous for the centralizer 
H of X and the twists Oi are the dimensions of the positive eigenspace of the action of A on the tangent 
space ofX at an arbitrary point z € Zi. 

In he proved that these varieties also satisfy Rost nilpotence principle. This is originally due to 
Chemousov, Gille and Merkurjev (Theorem 8.2 in [|9ll). 

Theorem 2.2. (Theorem 5.1 in [[^j Let X be a projective G-homogeneous variety. Then the kernel of 
the map 

End{M(X)) ^ End(M{XK)) 
f^f®K 

consists of nilpotent endomorphisms. 

A very useful consequence of Rost nilpotence is the following result which can be found in Karpenko’s 
paper ICT . 

Theorem 2.3. (Corollary 2.6 in The Krull-Schmidt principle holds for any shift of any summand 
of the motive of any geometrically split variety in Chow{k, A) that satisfies Rost nilpotence principle. 

A very useful technique to decompose a motive is due to Rost ( ifSTI l and Karpenko ( ETl l. We state 
this below for convenience of the reader. 

Theorem 2.4. (0, Ml, lEIlj Let X be a smooth, projective variety over a field k with a filtration 

A = 3 3 - 3 Xo 3 = 0 

where the Xi are closed subvarieties. Assume that, for each integer i € [0, n\ there is a smooth projective 
variety Z^ and an affine fibration : X^- Xj_i ^ Z^ of relative dimension ai. Then, in the category of 
correspondences, 

n 

i^O 

A situation where the above theorem can be applied is when X is a smooth projective variety with 
a Gm-action. The following result is due to Iversen ( lfT9ll ). Biyalnicki-Birula (|I2]|, (Sll) and Hesselink 
( [rr^ l. See Theorem 3.3 and Theorem 3.4 in 0 for more details. 

Theorem 2.5. (|l2l, |[3l, ifT^ . ifT^ ) Let X be a smooth projective scheme over k equipped with an action 
ofGm- Then, 

M(X) = UM(Zfi(afi 

i 

where Zi are connected components of X®™ and a* are dimensions of the positive eigenspace of the 
action ofGm on the tangent space of X at an arbitrary point in Zi. 

Observe that any projective homogeneous variety over k is geometrically cellular i.e, has cellular de¬ 
composition (see Definition 3.2 in ||20l ) over the algebraic closure K and therefore by Theorem 12.41 is 
geometrically split i.e, its motive splits into direct sum of Tate motives over K. An important conse¬ 
quence of this fact, Theorem 12.21 and Theorem 12.31 is the following corollary. This is also proved by 
Chemousov and Merkurjev (Corollary 35 in IfSlU. 

Corollary 2.6. The Krull-Schmidt principle holds for any shift of any summand of the motive of projective 
homogeneous varieties in Chow(k,A). 

The upper indecomposable motives of projective homogeneous varieties are the basic building blocks 
as proved by Karpenko in [|24l . 
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Theorem 2.7. (Theorem 3.5 in Il24l ] Let X be a projective G-homogeneous variety. Then any indecom¬ 
posable summand of M(X) is isomorphic to Urif) for some i and some r c Ac satisfying Tk{x) - t- 

3. MOTIVIC DECOMPOSITION FOR ISOTROPIC G 

Recall from [fT^ that for a smooth projective variety X equipped with an action of Gm, the fixed point 
locus X®™ is a smooth closed subscheme of X. 

Proposition 3.1. Let X and Y be projective varieties equipped with an action ofGm- Let 6 : X ->■ Y 
be a finite surjective Gm-equivariant morphism. Then the restriction morphism 6^1x1:171 ^ ^ 

surjective. 

Proof. Let y € Y'^^ be a closed point. Clearly Gm acts on the fiber Xy = X xy Spec k{y). Since 6 is 
finite, Xy is finite. Therefore Gm fixes the underlying reduced subschemes of each point in Xy. □ 

A morphism X L of finite type is surjective if and only if the induced map X(fi) L(fi) is surjective 
for every algebraically closed field (EGA IV, Chapter 1, §6, Proposition 6.3.10). Using this we get an 
easy corollary of the above proposition. 

Corollary 3.2. With notations as in Proposition\3J\ let and denote the connected com¬ 

ponents of X’^^ and V®"* respectively. Suppose 9 : X(U) Y (Q) is bijective for every algebraically 
closed field U. Then n = m and after permuting indices, 6\xi ■ Xj(f2) is also bijective. 

In this section we assume that G is an isotropic, semi-simple group of inner type over k. We fix an 
embedding A : Gm G of a fc-split torus. Let H denote the centralizer of A in G. Then by Theorem 
6.4.7 in If33]| . H is connected and semi-simple. It is defined over k by Proposition 13.3.1 of |l33l. Recall 
that if Xx - GjP and Xx - GjP, we have a canonical G-equivariant morphism 9 ■. X ^ X. 

Theorem 3.3. Let X be a projective pseudo-homogeneous variety for G and let X be the correspond¬ 
ing homogeneous variety. Then each connected component of the fixed point set X^ is a projective 
pseudo-homogeneous for H. Moreover if X^ = U Zi, then X^ = \lZi where Zi are the projective 
H-homogeneous varieties corresponding to Zi 

Proof. First note that H acts on X-^ because X{t) ■ h - x = h - X(t) ■ x = h - x e H,t e Gm,x € X-^. Let 
V be a connected component of X^. It suffices to show that the action map HxY-^YxY is surjective 
on U-points for every algebraically closed field Ll over K. By III, §1, 1.15 of lIT^ . the G-equivariant 
morphism 9{Vl) : X(Q) ^ X(U) is bijective. Therefore, by Corollary 13. 2 [ X^(U) ^ X^(U) is also 
bijective. So there exists a connected component Z of X^ such that 9 : Z(Ll) Y (U) is a bijection. By 
Theorem 7.1 in [|6l, Z is projective homogeneous for H. Therefore the action map HxZ^ZxZ is 
surjective on U-points. We have the following commutative diagram: 


H X Z - > Z X Z 


(id, 9) 


(9,9) 


HxY - >YxY 


The morphisms given by the top arrow and (9,9) are surjective on X-points as argued before. Hence 
we conclude that the bottom arrow is surjective on Q-points. This proves that each Y is projective 
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pseudo-homogeneous for H. 

For the seeond part of the elaim note that if t e Z{K), then Stabuix) £ StabH{0{x)). This to¬ 
gether with the bijeetivity of 6 : Z{K) y{K) shows that Z is the projeetive homogeneous variety 
eorresponding to y. □ 

We now analyze the aetion of A on the tangent spaee at any point in the fixed point loeus X^. As 
before Xk - GjP and Xk - GjP. Let b e {GjP)^. Let a e GjP be the unique point whose stabilizer 
in Gk is P and \Qib = g ■ a for some g € G{K). Then g^^Xg P for some maximal torus T. Let 

T' = gTg~^. Let /9i,/92, ■■■)/^n be the negative roots of Gk with respeet to T and a Borel B sueh that 
T ^ B ^ P. Denote by uj, the hF-funetion assoeiated to P as in ffTTll and let rij = u{-l3i). Without loss of 
generality, assume that /3i, /32, •••, /5m are the negative roots sueh that a;(-/5j) < oo. 

Lemma 3.4. With the notations above, there exists a T'-stable affine open neighborhood of 9{b) in 
(G/P)^ parametrized by T' - eigen functions with weights p^^ai where are characters ofT'. In other 
words, one can find an open set V = Spec iT[Xi, X 2 , •••, Xm] containing 9{b) such that 

t'-X, = af\t')X, yt'er 

Proof. Let Up denote the opposite of the unipotent radieal of P. By Theorem 1 in ifTTIl . U = Up - 9(a) = 
Spec K[Yi,Y 2 , Ym] is an affine open neighborhood of 9(a) invariant under T, where 

t-Y, = /3f(t)YiyteT 

Consider the affine open neighborhood V = gUp -9(0) of 9(b). Then 

T'-V = T'gUl ■ 9(a) = gTU^ ■ 9(a) = gU^ ■ 9(a) = V 

So V is T'-invariant. Moreover V = Spec K[Xi,X 2 ,---,Xm] where X* = g~^ ■ Yp Let cij be the eharaeter 
of T' defined by aft') = ffg^^t'g) 'it' € T'. For any point x eV, write x = gy where y ^U. Then 

t' ■ Xfx) = t' ■ (g-^ ■ Yi)(gy) = Yfg-^t'gy) 

= ff\ 9 -H'g)Yfy) = af (f) Xfx) it' e T' 

□ 

Lemma 3.5. For any point b e X^, the dimension of positive eigenspaces of the X-action on the tangent 
spaces at b and 9(b) are equal. 

Proof. It suffiees to prove the lemma over the algebraie elosure K where Xk - GjP and Xk - GjP. 
So assume that k = K. By Lemma lT4l there exists an affine open eover U = Spec X[yi, y 2 , •••, Fm] of 
b and an affine open eover V = Spec X[Xi, X 2 , Xm] of 9(b) parametrized by A-eigen funetions with 
weights {af and {p^^ai} respeetively. Let F* e m^/m^ and Xj e denote the eosets of Fj and 

Xj respeetively. Note that {FJ and (XJ form a basis for mfe/m^ and me(b)/mg^^^respeetively . It is now 

easy to see that the span of F is a positive eigenspaee for A if and only if the span of Xj is so. By taking 
the dual, we are done. 

□ 

By Theorem 12. 5 1 Theorem [33] and Lemma 1331 we get the following motivie deeomposition for X. 
Corollary 3.6. Let X and X be as in Theorem \3.3\ Then 

M(X) = Y[M(Zf(ai) 


and 


M(X) = y[M(Zf(af 
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where Zi is projective pseudo-homogeneous for H and Zi is the corresponding projective homogeneous 
variety. The twists ai are dimensions of the positive eigenspace of the action of X on the tangent space of 
X at an arbitrary point z € Z*. 

Applying the above lemma induetively, we see that eaeh of the eomponents in the deeomposition are 
projeetive (pseudo-) homogeneous for the centrali z er Z{S) of a maximal A:-split torus S. By Proposition 
2.2 in @1, we have an almost direct product decomposition Z{S) = DZ(S) ■ Z where Z is the center 
of Z(S) and DZ(S) is the semi-simple anisotropic kernel. Since the center of a group acts trivially 
on any projective pseudo-homogeneous variety, each of the Zi (respectively Z^) are projective pseudo- 
homogeneous (respectively homogeneous) for the adjoint group of the semi-simple anisotropic kernel. 
Therefore we conclude: 

Corollary 3.7. Let X and X be as in Theorem \3.3\ Then 

M{X) = Y[M{Z,){a,) 

i 

and 

M{X) = Y[M{Z,){a,) 

i 

where each Zi (respectively Zi) is either Spec k or anisotropic projective pseudo-homogeneous (respec¬ 
tively homogeneous) variety for the semi-simple anisotropic kernel ofG. 

Proof From Corollary |3.61 each Zi is projective pseudo-homogeneous variety for H. Let {Zi)K - HIQ, 
for a parabolic subgroup scheme Q of Hk- If Z^ is anisotropic we are done. Suppose Z^ is isotropic, 
i.e, Zi has a /c-point. Then its stabilizer is defined over k by Proposition 12.1.2 in |[3^ . Without loss of 
generality we can assume that Q is defined over k. Since k is perfect, the underlying reduced scheme 
Q is also defined over k and hence is isomorphic to Q(X) for some co-character X of H defined over k 
(Lemma 15.1.2 in [f3^ ). So H is isotropic. If A is a central torus, Q{X) = H and Zi 2 ; Spec k. If A is 
non-central, then we can inductively use Corollary 13.61 to get the result. □ 

4. Rost Nilpotence 

In this section we prove that Rost nilpotence principle holds for projective pseudo-homogeneous vari¬ 
eties. 

Proof of Theorem \n\ The proof is similar to the one in 0. For a field extension Ljk, let rii denote the 
number of terms appearing in the decomposition of Corollary 13.71 for the the motive of the G^^-variety 
Xl. Clearly, L c M ^ um > ul and the maximal number of terms in the coproduct occurs precisely 
when each Zi is Spec L. In particular, this happens when L = K. 

Claim: Set N(d,n) = (d + vvhere d is the dimension of X. Then, for any morphism / e 

End{M(X)) with f ^ K = 0, f^G,nu) = 0 . 

The claim is obviously implies the theorem. First note that the claim is valid for = uk - Now we 
use descending induction on n = n^. Let / € End(M(X)) be an endomorphism in the kernel of the base 
change map. Pick a point z in one of the anisotropic components Zi in Corollary 13.7[ If all components 
are isotropic, n is maximal and the claim is already proved. If not, set L = k(z). Over L, Zi is isotropic. 
Therefore, the number n, = ni of terms appearing in the motivic decomposition of is greater than 
n. Thus the claim holds for fA(XL) and = 0 . Since N(d,ni) < N(d,n + 1), it follows that 

jN{d,n+i) _ g ^jgg xheorem 3.1 in |5l to conclude that the composition 

M{Zi)(ai) ^ M{X) ^. M(X) 
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vanishes where the first arrow is the eanonical one coming from coproduct decomposition. Since for 
each summand the composition is zero, we are done. 

5. Split Case 

In this section we assume that G is split, so that X ^ GjP and X GjP. The goal of this section is to 
understand the cellular structure of G/P and compute its motive. 

Lemma 5.1. X is a cellular variety i.e, it has decomposition into affine cells. Moreover, the affine cells 
can be obtained by the image of the Schubert cells in Gj P under 9 -■ GjP ->■ Gj P . 

Proof. We follow the proof of §2.2 in [|29l . We know that X = GjP is cellular because G/P is a disjoint 
union of Schubert cells C{w) = UwPjP where U is the unipotent radical of B. Let X{w) = C{w) be 
the corresponding Schubert variety. Let X(w) be the scheme theoretic image of X(w) in G/P under the 
canonical map 9 : G/P G/P. Call it a Schubert variety in X . We get a filtration Xq c Xi c ,,, X^ = X 
of Schubert varieties where Xi - Xj_i = U 9{C{w)). Each of these components are homogeneous for U 
and hence affine by IV §4 Corollary 3.16 in [fT^ . So V is a disjoint of of affine cells 9{C{w)). □ 

Lemma 5.2. Wtih the notations in the proof of Lemma \5J\ the Schubert varieties X{w)form a basis for 
the Chow group of G/P. As a consequence ChfG/P) ^ GhfG/P). 

Proof. This follows from the previous lemma using the fact that 0 is a homeomorphism and by Example 
1.9.1 in [ini. □ 

Theorem 5.3. The motive M.{X) is split i.e, it decomposes into direct sum of Tate motives. Moreover, 
M{X)^M{X). 

Proof. This follows directly from Corollary 13.71 Alternatively, one can also argue as follows. The fact 
that M{X) splits into Tate motives follows by Eemma lSTl and Theorem l2.4[ Now observe that for any 
variety whose motive splits into Tate motives, the rank of the Chow group is equal to the number of 
summands isomorphic to A(z). Therefore by Eemma lS^ M{X) A4.{X). □ 

6. Non-Split Case 

Now we remove the assumption that G is split but keep the assumption that it is inner over k. In 
this section we show that, the motive of any projective pseudo-homogeneous variety for G is same as 
the corresponding homogeneous variety. Recall the following well know fact about parabolic subgroups 

(HSl). 

Fact 6.1. Let G be a semi-simple algebraic group over afield k. Let P be a parabolic subgroup corre¬ 
sponding to subset T of nodes of the Dynkin diagram (See , ^2.71) . Let V denote the conjugacy class of P. 
Then V contains a parabolic subgroup defined over k if and only if the nodes in r are circled in the Tits 
index ofG over k and r is invariant under the ^-action ofGal(K/k). 

In our case, since G is assumed to be inner over k, the ^(•-action is trivial. Eet X and X be as before. 

Lemma 6.2. Let F be any field extension ofk. Then X has an F-point iff X has a F- point. 

Proof. Clearly if X has an F- point, its image via the canonical map X X gives an P-point on X. 
Now assume that X has an P-point. Let F' be the perfect closure of P. Then by Proposition 12.1.2 of 
the stabilizer in G of this P-point is defined over F'. Without loss of generality we can assume that 
P is defined over F'. Since F' is perfect the underlying reduced subscheme P is also defined over F'. 
Let T be the subset of nodes of Dynking diagram corresponding to P. Since G is inner over k, it is inner 
over P. Therefore the ^(•-action is trivial over P. Moreover, by Exercise 13.2.5 (4) in [|3^ . the Tits index 
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of F' and F are the same. Therefore by Faet I6.1[ the eonjugaey elass V of P eontains an F-defined 
parabolie and therefore X has an F-point. □ 

Note that by Theorem 1 1.21 the motive Ad (X) satisfies the Krull-Sehmidt prineiple. Therefore we ean 
talk about the unique upper summand of A4(X). 

Corollary 6.3. Let X and X be as above. Then in Chow(k, A), Ux - Ux- 

Proof. By Corollary 2.15 of [l24ll . we it suffiees to show multiplieity one eorrespondenees a ■■ M{X) 
M{X) and (3 : M{X) M{X). Take a to be the eorrespondenee indueed from the eanonieal map 
X ^ X. For 13, first observe that X has an k(X)- point. Then by Lemmaso does X. Now take (3 to 
be the eorrespondenee indueed from the rational map X X. 

□ 

Notation: For a variety X, AfX, A) denotes the Chow group of X with eoeffieients in A graded by 
eodimension. We simply write A* if X and A are elear from the eontext. A-® denotes 0j>j Af Similarly 
define A-* and 

Ai(X,A) denotes the Chow group of X with eoeffieients in A graded by dimension. We make 
similar definitions for A>j, A>j, A<j and A<j. 

Definition: Let e be the funetion on the objeets of Chow{k, A) defined as follows: 

e : Oh{Chow{k,A)) —> N [J {-oo} 

M I— min{i \Ch\M) ^ 0} 

6.1. Proof of Theorem 11.31 Sinee X is projeetive homogeneous variety for G, by Theorem 1.1 of [|2^ . 
every indeeomposable summand M of M.{X) is isomorphie to Uyii) for some projeetive homogeneous 
variety Y eorresponding to r sueh that r 3 tl- By eondition (2), eomes from an indeeomposable 

summand M of A4.{Z). We elaim that M M. The elaim obviously implies the theorem. 

The proof of the elaim is by induetion on e(M). For the base ease e(M) = 0, the elaim elearly holds 
by eondition (1). Now let M Ly (z) be a summand of M{X) as above. Then e(M) = i and assume that 
for all indeeomposable summands N with e{N) <i, N ^ N. Write M{X) = F0 Q where e(F') < i for 
every indeeomposable summand P' of P and e(Q) > i . Then by induetion hypothesis, A4(Z) ^ PQR 
where Ql - Rl- By assumption M is a summand of Q and so M is a summand of R. Observe that 
e{ML) = z as e{QL) > i. Therefore if tt e End{M{Z)) is the projeetor giving rise to the summand M, 
then iTj; = 'Zh^ o.k ^ for r > z and • bj = Skj. 

To eomplete the proof, it suffiees to find a : M and (3 : M —> M(Y)(i) sueh that 

mult{l3 o a) = 1 (See Lemma 2.14 of (241). 

For a motive N over k, let N denote the motive base ehanged to L and for a variety V over k, V 

denotes V xspec kL. _ _ _ _ 

First note that we have a e H om{A{i), AA.{Z)) = AfZ) given by A(z) ^ A4(Z) and 

b 6 Hom{M{Z),A(i)) = A^{Z) given by M(Z) ^ A(z) sueh that mult{b o a) = 1 i.e, 

a - b = 1. Observe that with this notation, n = b x a + Zk^k ^ where 6^ x e A-* x A>j, a-b^ = 0 \fbk 
and Ok - b = 0 \/ak. 

Construction of a: 

Let CKi e Hom(M(YL){i),M{ZL)) = Z^) be given by MiYifi^i) UY^i^i) ^ 

M{Xl) ^ M{Zl). Then 


CKi 6 1 X a + X Ayi 








MOTIVIC DECOMPOSITION OF PROJECTIVE PSEUDO-HOMOGENEOUS VARIETIES 


II 


Let 02 be the image of Oi under the pull baek of Chow groups 

j^dim ^ ^ ^dim L{Y) X Z) 

induced by Spec L{Y) Z^ {Y x Z)^. Then 

02 = Spec L(Y) X a. 

Since tl ^ t , X has an A;(F)-point. So k{Y){X)jk{Y) = L{Y)jk{Y) is purely transcendental. 
Therefore 02 is k{Y) rational. So 02 ^ ^~'^(Spec k(Y) x Z). Let a' be the inverse image of 02 

under the pull back of Chow groups 

j^dim z-i(j X Z) ^ ^-\Spec k{Y) X Z) 
induced by Spec k{Y) x Z ^Y x Z. Then 

o' € 1 X a -r X A^i 

Let p : M.{Z) ^ M he the canonical projection. Define 

a = po a' 

Construction of f3'. 

Let (3i € Hom{M{ZL),M{YL)(t)) be given by >f(Zi) ^ M{Xl) -> Uy^ii) M{YL){i). Then, 

ehx y + A^^ X v4>o 

where y is the class of a point in Y Let (32 be an element in the inverse image of /?i under the pull back 
of Chow groups 

^dim xXxY)^ X Yl) 

induced by x^ - (Z x^ Y) x Spec k{X) Z xY xX Z x X xY where the last map is obtained 
by switching second and third factors. Then 

^2 e ft X 1 X y + X 1 X yl>0 + A" X X A* 

Recall that tt e End{M.{Z)) is the projector giving the summand M. Let (3^ = (32° where (32 is 
though of as an element in H 07n{M.{Z), M.{X xY){i- dim X)). Then 

^3 ^Pi34*[(bxax 1x1 + T.h xafcxlxl)-(lx6xlx?/-i-lx X 1 X AyQ -I-1 X y4* X A^^ x A*)] 

k 

(d^^bxlxy + A'x A^^ X A* + A^^ X 1 X Ayo 

By condition (1) in the hypothesis of the theorem Ux - Uz- This implies by Corollary 2.15 of lf24l 
that we have a multiplicity 1 correspondence T e Adim z{Z x X) . Then T = 1 x x - 1 - x v4>o where x 
refers to the class of a point in X. 

Now let (3' be the pull back of /^s via T x 1 e Adim z+dim y{,Z xX xY) i.e., P' = Pi 3 ^[(r x 1) ■ /^g] e 
j^dim Y+i(^z xY) = Hom(M(Z),M(Y)(i)). Then 

(3' ^ Pi3»[(l X X X 1 -r A^^ X v4>o X 1) ■ (^b X 1 X y + A^ X A^^ x A* + A^^ x 1 x 74>o)] 

(3' ebx y + X A>o 

Now define (3 = (3' o q where q : M ^ M.(Z) is the canonical map. 

We now see that (3oa = (3'oqopoa' = (3'ono a'. Note that 
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TT o a' e pi 3 *[(l X a X 1 + x Ayi xl)-(lx6xa + ^lx6^x a^)] 

k 

7foQ;'€lxa + X 

Finally we see that 

/? o a 6 pi 3 *[(l X a X 1 + X Ayi xl)-(lx6xj/ + lx x v4>o)] 
P oa e 1 X y + A^^ X v4>o 

Therefore, mult{l3 o a) = 1. 


We are now ready to prove Theorem II .41 


6.2. Proof of Theorem 11.41 We will prove by induetion on n = rank(G'). The elaim is trivially true for 
n = 0. Assume that the elaim is true for all groups with rank less than n. Let rank(G) = n. We ean assume 
that X ^ Spec{k) (otherwise there is nothing to prove). Let L = k{X) and G' the anisotropic kernel 
of Gl- Then rank(G') < rank(G). Now by Corollary 13.71 M{Xl) = \liM{Zi){ai) and M{Xl) = 
\liM{Zi){ai) where Zi is pseudo-homogeneous for G' and Zi the corresponding homogeneous variety. 
By induction we have M{Zi) 2 ; M{Zi) and thus M{Xl) 2 ; M{Xl). Moreover by Corollary 16.31 
Ux - U^. Therefore, by Theorem [L3l we are done. 
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